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ABSTRACT.
In this paper we begin a classification of simple and semisimple totally antiflexible algebras (finite-dimensional) over splitting fields of char. ^2, 3.. For such an algebra A , let P be the largest associative ideal in A and let /V+ be the radical of P. We determine all simple and semisimple totally antiflexible algebras in which N ■ N =0. Defining A to be of type (m, n) if N is nilpotent of class m with dim/1 = n, we then characterize all simple nodal totally antiflexible algebras (over fields of char. f( 2, 3) of types (n, n) and (n -1, n) and give preliminary results for certain other types.
Introduction.
A totally antiflexible algebra is a nonassociative algebra (finite-dimensional) satisfying
(1) (x, y, z) = {z, y, x) (the antiflexible law) and (2) (*. x, x) = 0,
where (x, y, z) = [xy)z -x(yz). Throughout this paper we assume char. ¡¿2,3 and
we define x • y = (xy + yx)/2. The algebra A is that formed from A with multiplication x • y. Define (x, y) = xy -yx. Define x = x, x = x x and x' = x, x" = x' ■ x. It is known that a totally antiflexible algebra A with char. / 0 need not be power-associative [6] .
However A is known to be power-associative so x'm ■ x" = x for all positive integers m, n. We will call y nilpotent or nil if, for some n, y'n = 0. If x in A implies x = al + z for a in the base field and z nil and if the set of nil elements is not a subalgebra, we say that A is nodal.
Preliminaries.
We will state some known results on the structure of simple and semisimple totally antiflexible algebras.
We also need (see [l] , [7] ) Definition 2.1. A field K is said to be a splitting field for an algebra A if every primitive idempotent e of AK is absolutely primitive and if every element in (AK) (1) for e primitive can be written as ke + y with k in K and y nilpotent or y = 0. Definition 2.2. Let A be an algebra over a field F of char. /= 2, 3-The map- (8) <f>(x, y) = -cp(y, x).
Also, for char, jí 3, (5) is equivalent to (9) <p(x ■ y, z) + <p(y ■ z, x) + <p(z ■ x, y) = 0.
For a, ß in F and antiflexible maps cp., A, define acb + ßcp by (arpj + ß(p2)(x, y) = acp^x, y) + ß<ß2(x, y).
For char. ^ 2, 3, it is clear that cup. + ß(p is an antiflexible map.
Definition 2.3. Let A be an algebra over a field of char. ^2,3 and let <p be an antiflexible map. Define A(cf>) as the algebra formed from A with multiplication replaced by x * y = xy + tp(x, y).
It is known [4] that A is antiflexible if and only if A((f>) is. From this, the
following lemma is obvious.
Lemma 2.1. Let A be an algebra over a field of char. ^2,3 and let cp be an antiflexible map. Then A is totally antiflexible if and only if A(<p) is totally antiflexible.
Also, if if, is an antiflexible map on A(<p) then A(<p)(if,) = A(cp + if,).
We now summarize certain results in [l] , [4] , [7l by the following two theorems. Proof.
To begin with, let w, x be in C and y, z in D. Define qS(w + y, x + z) = Yl (y, z).
We claim that 0 is an antiflexible map. The proof is a routine verification of the conditions öf Definition 2.2. Recall also that, in a totally antiflexible algebra, An(/)A00(/) = A00(/)An(/)= 0 for / an idempotent. Also, A = (C © D+)(0). Now suppose A is nearly semisimple so A(ip) is semisimple for some if/. Now A(iff) = (C© D+) (0 + if/) so C © D+ is nearly semisimple. Also, C © D+ = A(-0).
In a similar way, we can prove (4) and (5). Also (x, y) = 0 in P so (7) ai) #y*+iJv z) + ^k2' yk+i] + «M^A+r yk] = °-But, using (10) with n = k yields (i2) #y*+iy*'z) = -<f>{z> y^k) = Z ^(ll>v yú Putting (12) in (11) yields (10) with n = k + 1 and we are done.
Except where otherwise stated, we will assume that A is a totally antiflex- Proof. If A is simple then (20) is true from Theorem 3-3 and (21) is obvious.
If e is primitive with |e(x, y)\ nil, recall the fact that A = A (e) + A (e) and write C = (N n A (e)) + A (e). It is routine to check C-ACC. Also, e is in H(A). If u is in (C, A) then u -eu + u with zz in A (e) and eu in A (e).
Since |e(x, y)\ is nil, e# is in AÍ so (C, A) C C and C is a proper ideal of A.
Conversely, suppose A satisfies (20), (21) Proof. We know that cp(x, y) is skew-symmetric. It is a well known fact (see (25) is satisfied. We will now prove (24).
If e is primitive with dimPn(e) = 1 then P.. If dim Pjj(e) = 2 then, as above, Pn(e) C\ N is a nil ideal of P(cp). Thus (27) holds. If e is principal and not the identity element then adjoin an identity element 1 to P(cf>). It is routine to show 1 -e primitive and the algebra formed is semisimple. Hence, (28) is true. Now, if e is primitive and principal with Pac¡(e) = 0 then P(cp) is nodal and simple so dimP.Ae) is odd. Suppose e is primitive and principal with PQAe) j¿ 0 and let A = P(cp) be semisimple. We know
Au(e)A00(e) = A00(e)Au(e)= 0 so cp(A ( Ae), A0Q{e)) = cp(A0Q(e), A j ,(e)) = 0. Conversely, let P satisfy (26), (27), (28) and (29). Since P is associative and commutative, P=Pu(e1)©-..©Pn(e(?)©P00 (e) where each e. is primitive and e = e. + • ■ • + e is principal. Of course, P0Q(e) may be zero. As before, we will define two antiflexible maps cp and if/ on each P, Ae ) and on P."(e) and then extend them bilinearly to all of P. Let |x. After extending 0, if/ to all of P, define A = P(0 + 0). We claim that A is semisimple and totally antiflexible. Clearly, A is totally antiflexible. If x is nonzero in N, x = x,+■■■ + x + xn: x . in P, ,(e .) n N for z > 0, x. in P (e). 5. Nodal algebras of type (n, n) and (n -1, n). We now focus attention on nodal algebras. If A is such an algebra then dim A = 1 + dim/V. The following is immediate from Theorem 3.1.
Lemma 5.1. // 0 is an antiflexible map on an associative commutative algebra P of char. ¡¿2,3 then for x in P and integers n, a with n > a > 1, 0(x"~" xa) = O0(x"-1, x) and n<p(xn~\ x) = 0. We have determined all nearly simple associative commutative algebras of class 2. In classifying nearly simple associative commutative algebras of type (m, n), we can assume m > 3-Having determined nearly simple associative commutative algebras of type («, n), our next interest is those of type (n -1, n). If dim/V' = 1 then dimN'. = 1 for all i < n -2 so that dim/V = n -2. Since dim/V = n -1 we conclude dim N = 2 and dim N . -1 for 2 < z' < n -2. We have proved the following lemma.
Lemma 5.5. // N is of type (n -1, n) then N is of type (n -1, n, 2). we have b2 = a.an~k~1. is of class 2, Theorem 4.3 says that dimQ is odd so k is even.
For the converse, first assume that P satisfies (a) with k even. Write r = n -k. Define 0 on the basis as follows:
